Abstract In this paper, we give a notation on the Singleton bounds for linear codes over a finite commutative quasi-Frobenius ring in the work of Shiromoto [5] . We show that there exists a class of finite commutative quasi-Frobenius rings. The Singleton bounds for linear codes over such rings satisfy
Introduction
Let R be a finite commutative quasi-Frobenius (QF) ring with characteristic k and cardinality M, where k =
, p i are distinct primes, r i and t i are positive integers (see [4] and [7] ). Let R n be the free R-module of rank n consisting of all n-tuples of elements of R. A linear code C of length n over R is a R-submodule of R
n . An element of C is called a codeword of C. In this paper, we will use a general notion of weight, abstracted from the Hamming, the Lee and the Euclidean weights. For each c = (c 1 , c 2 , · · · , c n ) ∈ R n and r ∈ R, the complete weight of c is defined by n r (c) = {i|c i = r}.
To define a general weight function w(c), let a r , (0 =)r ∈ R be positive real numbers, and set a 0 = 0. Set
If we set a r = 1, for every (0 =)r ∈ R, then w(c) is just the Hamming weight of c, denoted by w H (c). Throughout this paper, we denote
For a linear code C, the general weight distance, denoted by d(C), is equal to the minimum general weight w(C) of the code C.
Example 1.1. Let us consider the ring R = Z 6 = {0, 1, 2, 3, 4, 5}. If we set a 0 = 0, a 1 = a 5 = 1, a 2 = a 4 = 2 and a 3 = 3, which yield the Lee weights of the elements of Z 6 (see [6] ). Then A = 3. While if we set a 0 = 0, a 1 = a 5 = 1, a 2 = a 4 = 4 and a 3 = 9, which yield the Euclidean weights of the elements of Z 6 , then A = 9. Example 1.2. Let us consider the ring F 2 + uF 2 = {0, 1, u, 1 + u}, which is a 2-dimensional algebra over the field F 2 with a nilpotent element u where u 2 = 0 (see [1] ). If we set a 0 = 0, a 1 = a 1+u = 1 and a u = 2, which yield the Lee weights of the elements of F 2 + uF 2 . Then A = 2. While if we set a 0 = 0, a 1 = a 1+u = 1 and a u = 4, which yield the Euclidean weights of the elements of F 2 + uF 2 , then A = 4.
The following Singleton bounds on a general weight function for linear code C over a finite commutative QF ring were obtained in [5] . Theorem 1.3. Let C be a linear code of length n over a finite commutative QF ring R. Let w(c) be a general weight function on C, as in (1); and with maximum a r -value A, as in (2) . Suppose the minimum general weight of w(c) on
The purpose of this paper is to show that there exists a class of finite commutative QF rings. The Singleton bounds for linear codes over such rings satisfy
2 General Gray map on R Let R be a finite commutative quasi-Frobenius (QF) ring with characteristic k and cardinality M, where k =
, p i are distinct primes, r i and t i are positive integers. For any element a ∈ R, a general Gray map ϕ on R is defined as
is a finite field with p ei i elements. In detail,
• if a 0 = 0, w(0) = 0, then ϕ(0) = (0, . . . , 0, 0, . . . , 0);
• if 0 < a r < A and w(a r ) = i, then ϕ(a r ) = (a 1 , . . . , a i , a i+1 , . . . , a A ), where there are i nonzeros and A − i zeros among a 1 , . . . , a i , a i+1 , . . . , a A ;
• if a r = A and w(a r ) = A, then ϕ(a r ) = (a 1 , . . . , a i , a i+1 , . . . , a A ), where a t = 0 for t = 1, 2, . . . , A.
The general Gray map ϕ can be extended to R n in an obvious way. , Hamming distance ).
Proof. From the above definitions, it is clear that ϕ(x − y) = ϕ(x) − ϕ(y) for x, y ∈ R n . Thus,
Main result
In this section, we will show that there exists a class of finite commutative QF rings. The Singleton bounds for linear codes over such rings satisfy
For our purpose, we firstly introduce the following lemma on the Singleton bounds for codes over finite fields (see [3] ).
Lemma 3.1. Let C be a code (possibly nonlinear) of length n over the finite field F q with |C| elements and the minimum Hamming distance d H (C).
Then 
Theorem 3.2. Let C be a linear code of length n over a finite commutative QF ring R. Let w(x) be a general weight function on C, as in (1); and with maximum a r -value A, as in (2). Suppose the minimum weight of w(x) on C is d(C).
Proof. By Theorem 2.2, we have each general Gray image of the code C under its corresponding general Gray map ϕ is a p ei i -ary code with the same length An and the same minimum Hamming distance d H (ϕ(C)). By Lemma 3.1, each general Gray image of the code C satisfies It follows that
This completes the proof.
Remark 3.2 Theorem 3.2 shows that if there exists a bijective map ϕ and the map ϕ is a distance preserving map from (R n , general weight distance) to (F An p , Hamming distance), then the Singleton bounds for linear codes over R satisfy
Example 3.3. Consider any linear code C of length n(≥ 1) over the QF ring F 2 + uF 2 = {0, 1, u, 1 + u}. The Lee weights of the elements of F 2 + uF 2 is given as follows:
is defined as ϕ(a + ub) = (b, a + b)(see [1] ). The map ϕ can be extended to (F 2 + uF 2 ) n in an obvious way and the extended ϕ is a bijection from (F 2 + uF 2 ) n to F 2n 2 . Therefore, we have
Example 3.4. Consider any linear code C of length n(≥ 1) over the QF ring F 2 + uF 2 + vF 2 + uvF 2 , which is a characteristic 2 ring subject to the restrictions u 2 = v 2 = 0 and uv = vu. Let ϕ : (F 2 + uF 2 + vF 2 + uvF 2 ) n → F 4n 2 be the map given by ϕ(a+ ub + vc+ uvd) = (a+ b + c+ d, c+ d, b+d, d). Then ϕ is a bijective map. For any element a+ub+vc+uvd ∈ F 2 +uF 2 +vF 2 +uvF 2 , we define the Lee weight w L (a + ub
where w H denotes the ordinary Hamming weight for binary codes(see [8] ). Therefore, we have
4 An application to codes over Z ℓ
In this section, we mainly introduce the ring Z ℓ as a good example of a finite commutative QF ring. Let Z ℓ = {0, 1, , 2, . . . , ℓ − 1} denote the ring of integers modulo ℓ. Now we introduce three kinds of weights, namely the Hamming weight, the Lee weight, and the Euclidean weight. The Hamming weight w H (c) of a vector c = (c 1 , c 2 , · · · , c n ) ∈ Z n ℓ , is the number of its nonzero entries in the vector. The Lee weight for the elements of Z ℓ is defined as w L (a) = min{a, ℓ − a} for all a ∈ {0, 1, · · · , ℓ − 1} (see [6] ). The Euclidean weight for the elements of Z ℓ is defined as w E (a) = w L (a) 2 for all a ∈ {0, 1, · · · , ℓ − 1}. Denote the minimum weight of a linear code C with respect to Hamming, Lee, Euclidean weights by d H (C); d L (C) and d E (C) ; respectively. It is clear that the maximum a r -value is 1; [ℓ/2] and [ℓ/2] 2 ; respectively. In the following, we denote by ℓ 1 and ℓ 2 the following integers, respectively, ℓ 1 = [ℓ/2] and ℓ 2 = [ℓ/2] 2 .
